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Summary

Monotone Variational Recurrence Relations

Mathematics enables us to describe natural systems in terms of abstract models. The
analysis of such models gives us an insight into the behavior of the corresponding
natural system, and describes some of its particularities.

In this thesis we consider mathematical models that allow a variational formula-
tion. Such a formalism arises from the observation that the evolution of a natural
system often follows a path, or that a state of a natural system often attains a form,
which is in some sense optimal. In the analysis of such a mathematical model, this
optimal behavior of a solution corresponds to a (local) minimum of a particular func-
tional, called the free energy. The related solutions are called minimizers.

An example of a variational recurrence relation arises in the modeling of ferromag-
netic crystals. In the simplest case we assume that the crystal consists of a bi-infinite
sequence of equally spaced particles, each of them having a particular angle, or align-
ment. Because of ferromagnetism, neighboring particles of the crystal tend to have
the same alignment. Finding a steady state of such a ferromagnetic crystal that lies
in a periodic magnetic field corresponds to solving a monotone variational recurrence
relation. Here the ferromagnetism in the crystal implies the monotonicity of the
recurrence relation.

Aubry-Mather theory guarantees the existence of minimizing solutions that are
fairly non-oscillatory in space, the so-called “Birkho!” minimizers. Roughly speaking,
they are the minimizers of a formal free energy and have rotation numbers describing
the average change of the angles of particles in spatial directions. The main result
of Aubry-Mather theory shows that there exist Birkho! minimizers of any rotation
number and that all minimizers are fairly non-oscillatory.

An important, but rather unnatural assumption in the mathematical modeling
of ferromagnetic crystals used in the classical Aubry-Mather theory is that the elec-
tromagnetic force acting on any fixed crystal particle arises only from the periodic
background potential and from relative directions of its two nearest neighbors. In this
thesis we consider “finite-range” crystal models, which also incorporate a contribution
to the electromagnetic force that stems from the relative directions of particles po-
sitioned further away in the crystal. In the introduction to this manuscript, which
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is contained in chapter 1, we describe such models, give an overview of the relevant
results, and a rough outline of the rest of the thesis.

It turns out that the tools from Aubry-Mather theory show the existence of Birk-
ho! minimizers of all rotation numbers also in finite-range crystal models. However,
in this case there exist also non-Birkho! minimizers, which might oscillate more. The
classification of all minimizers in finite-range crystal models is addressed in chapter
3. We show that non-Birkho! minimizers are indeed highly non-regular and wildly
oscillatory, and thus not likely to be observed as steady states of ferromagnetic crys-
tals.

A well-known result from Aubry-Mather theory shows that Birkho! minimizers
of a particular irrational rotation number can either have particles pointing in any
possible direction, or that there might be regions of “forbidden directions” for the
particles. If there are no forbidden regions, the minimizers form a set homeomorphic
to a circle and otherwise they form a Cantor set. In chapter 2 we show that the
gaps of such a Cantor set can be particularly nicely interpolated to form a so-called
“ghost circle”. With the use of ghost circles we show that in these forbidden regions
for minimizers, non-minimizing Birkho! solutions exist.

Another main result in this thesis shows that for a specific irrational rotation
number, one can predict whether there are forbidden directions for a “typical” ferro-
magnetic crystal and that the result depends on the so-called “irrationality degree”
of the rotation number. More precisely, we explain in chapters 4 and 5 that when
the rotation number is irrational, but “not very irrational”, minimizers typically form
Cantor sets.
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